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Fig. 1 Laminar boundary layer with continuously dis-
tributed suction on profile NACA 0010

R(z), and B also of v,(x). Having calculated the momen-
tum-loss thickness from Eq. (8), one can evaluate the other
boundary layer quantities as just explained.

The method has been checked against special exact solu-
tions, namely, the flat plate and the “similar solutions.” In
‘the large range of pressure gradients and suction parameters
investigated, good agreement with the exact theory was
found.

Furthermore, systematic calculations have been per-
formed for airfoils in the subsonic and supersonic ranges.
By means of numerical examples, the influence of the in-
tensity and location of suction on the development of the
boundary layer was studied. In Fig. 1 some results are pre-
sented for the subsonic airfoil NACA 0010. A given suc-
tion quantity

Uml 1/2 st* — Uy
E . = *
ot = (Uw> ﬁ T ds (10)

(where s* = s/l = coordinate along the contour, and sub-
seript ¢ = trailing edge) is distributed in various ways as
indicated in the figure. With decreasing suction zone, the
intensity v, must be increased so that ¢o* remains constant.
For compressible flow, », must be increased to compensate
for the reduced density p., at the wall. The positions z..,*
of the separation points for the various suction distributions
of Fig. 1 are plotted in Fig. 2a. It is demonstrated that by
extending the suction zone to the rear part of the profile the
point of separation moves in the same direction. For com-
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Fig. 2 Shifting of separation point by continuously dis-
tributed suction on profile NACA 0010
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pressible flow, separation occurs somewhat farther upstream.
In Figs. 2¢ and 2d, the same graphs are given for larger angles
of incidence. In Fig. 2b, the case is treated in which a suc-
tion zone of constant length is situated at various positions
along the upper surface. Here, too, suction in the rear part
is seen to be more effective in delaying separation than nose
suction.
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Quasi-Steady Aspects of the Adjustment
of Separated Flow Regions to Transient
External Flows
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The adjustment of separated flow regions with re-
spect to pressure, mass, and heat transfer to tran-
sient external flows is investigated using several
characteristic times. The adequacy of a quasi-
steady treatment is demonstrated, and a guasi-
steady solution for the supersonic two-dimensional
base pressure problem is presented as an illustration.
Experimental data are presented for a transient
external flow and compared to the guasi-steady
solution for this case. Itis concluded that, although
initial response to pressure waves is very rapid, the
adjustment due to mass and heat transfer is much
slower, and, as a result, short-duration experiments
on separated flows should come under special scru-
tiny for correct interpretations of results.

HE dependence of wake problems on both the dynamics
of the external, nearly isentropic stream and the dissipa-
tive mechanism of jet-mixing regions is well established.!—2?

Received by ARS December 10, 1962. This paper is based on
a Ph.D. thesis by Mr. Thrig entitled “A Study of the Base Pres-
sure Problem for Supersonic Two-Dimensional Flow in Which the
Approaching Stream Has Transient Properties,”” Department of
Mechanical and Industrial Engineering, University of Illinois,
Urbana, Ill., June 1961,

* Associate Mechanical Engineer, Particle Accelerator Division.

T Professor of Mechanical Engineering and Head of Depart-
ment.



APRIL 1963

In particular, the mixing component has received considerable
attention since it has assumed not only a predominate role in
the treatment of the separated (wake) flows but, more
recently, also in the problem of flow separation itself.4~6 As
quantitative information on the mechanism within the mixing
regions has become available,”® the analysis of transport
processes controlled by jet mixing could be carried out for
both single stream?® and two-stream cases.’ Although all such
studies were restricted to steady flow jet mixing, the quanti-
tative aspects of rate processes controlled by the mixing com-
ponent of wake flows suggested that the response of wake
flows to transient flow conditions would lead to two dis-
tinctively different characteristic response times for adjust-
ment due to pressure waves on one hand and transport
phenomena on the other. The characteristic time for wake
adjustment due to pressure waves can be expressed by

Aty = L/e,

where L is a characteristic length dimension of the wake and
¢, is a reference acoustic velocity. A characteristic adjust-
ment time for mass transfer could be expressed by

At, = Lo/uldy,;

where o is the mixing parameter® (tentatively, ¢ = 12 +
2.76M,), u, is the flow velocity in the freestream adjacent to
the mixing region, and 7;,; is a mass flow integral defined for a
mixing region by Eq. (11).

The ratio of the characteristic times is then

Alw/Abe = o/M.14,;

a function of the Mach number along the mixing region only.
Now for M, =~ 1, this ratio will be nearly 30, and this sug-
gests that a quasi-steady concept of wake response due to
transient external stream conditions can be justified under
such, or similar, conditions, inasmuch as pressure equalization
across the mixing region can be considered as instantaneous
compared to the much slower process of mass exchange toward
the equilibrium condition of the wake with conservation of
mass in the wake. It will be noted that heat transfer processes
across wakes are even more sensitive to the controlling effects
of mixing regions, as the characteristic time for heat transfer
now is expressed by

Atg = L/u.St
and
(Atg/Aly) = (1/M .St
So that with a Stanton number St ~ 0.01% and M, =~ 1
Atg/At. = 100

This suggests that heat transfer experiments on separated
flow regions, although tending to show a rapid response to
pressure-induced flow conditions, actually will have a very
slow adjustment towards equilibrium temperatures.{

A quasi-steady analysis of certain transient wake problems
then may be justified by the foregoing considerations. As an
illustration for the validity of such concepts, the steady-state
solution of the supersonic two-dimensional base pressure
problem is extended to include cases where the approaching
stream has transient properties. The following analysis is
for the simple backstep geometry (Fig. 1) and is restricted to
cases where the approaching boundary layer is negligible or
where the mixing profile is fully developed, so that the ‘‘re-
stricted theory”? can be used. According to the stipulated

1 The reliance of shock tube experiments for studying heat
transfer rates in separated flow regions without checking the re-
sponse of bulk temperatures in a wake over longer periods of time
(for correct interpretation of short duration experiments) can be
eriticized strongly on this account.
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quasi-steady aspects of the problem, all time derivatives in
dynamic solutions are discarded, whereas time-dependent
terms in the continuity and energy equations are retained.
The transient properties of the approaching stream are the
Mach number M;, (or Croceco number Cy.), stagnation pres-
sure Po., and stagnation temperature To.. It is assumed
also that, at any instant, the stagnation temperature is es-
sentially constant throughout the flow region. (Subscript 1
refers to location 1 just before the expansion of free-stream,
whereas the subscript a refers to the isentropic flow adjacent
to the dissipative regions.) The continuity equation for
nonsteady conditions is

ow N
- —fA pu-dA O

Equation (1) is applied to the entire wake region in which the
mass

w = p,V Ibm/unit width (2)

is considered to have the uniform density of p, (subscript b for
bulk), whereas the total entrained volume V (per unit width)
can be expressed as

V = 1H? cotfo, + B 3

Here 6., is the deflection angle of the free jet after it has ex-
panded around the edge of the backstep, H is the step height,
and B is the volume per unit width of any part of the en-
trained wake other than the triangular shaped region. The
density of the bulk of the mass of the wake can be related to
the freestream stagnation conditions and the freestream Mach
number (here expressed in terms of Croceco number). Equa-
tions (2) and (3) can be expressed as

w == (Pma/RT()l.;)(l - 02a2)k/(k"1)(%H2(30t!92@ —|— B) (4)

where subscript 2 refers to flow conditions after the expansion.

Equation (4) is differentiated with respect to time ¢ so as to
treat all the freestream and free jet variables as time de-
pendent. If one can assume that the change in 6, will not
affect the total volumes materially, one obtains upon differen-
tiation

dw V
dt  RTo.

— 2)k/ (k- | T 02
¢! Cs4?) l[dt

POla k dC?aZ
1 — Coa?) (k . 1) dt ] ®)

giving an expression for the rate of change of mass in the wake
region. This, in turn, must be equal to the flow out the wake
through the recompression region located at the end of the
wake between cross sections 3 and 4

dw yd
a = Go= [) puy ®

This integral describes the flow for unit width between the jet
boundary stream line, subseript j, originating at the separa-
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Fig. 1 Backstep flow model
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tion point and the discriminating stream line, subscript d,
which satisfies the escape criterion?®

Posa/Ps = Py/Py = (1 — (g% M1 )
.where

Py/Py = (Py/P3)(Msa, Osc — 020, k) 8
is determined by the oblique shock relations applied to the
adjacent freestream at the end of the wake. With the help of
Egs. (7) and (8), C3 may be calculated for a given expansion
angle 0.

The “restricted theory”? uses the error function, velocity

distribution for describing the flow in the jet mixing region,
so that in dimensionless representation

© = U/ Uz, n = o(y/x)

o(n) = 3(1 + erfy)
For isoenergetic flow Ty(n) = T'o. and for an isobaric mixing
process, the mass flow between the stream lines j and d can be
expressed by

(9

Ga = pratisa(/ o)1 — CoaD1,a ~ I1.5) (10)
where
5L = L(C?n) = fjw 1—_—2—2;;; dn (11)

is available in tabulated form.” With C;; determined by
Egs. (7) and (8), one finds ¢ss = C34/Caq, where Cop = Cs, for
P, = P;and obtains 5, with Eqgs. (9), whereas I1,;1s a function
only of Cz, and is tabulated in Ref. 7. For the isentropic
adjacent freestream

N Pota E 2 Cea?
P2aU2a = (Tora)?L kg b — 1 (1 — Cau¥)?

/
(1- C2a2)2’0/<’°—1>]l ’ (12)

X

and for the simple backstep
x = H/sinby, (13)
Substitution of Eqgs. (12) and (13) into Eq. (10) yields
HCsa 9 2 N ' < kg )1/2
= 2 — O Poa | 22—
7 ¢ sind,, (k —1) (1= ) % \RTo.
(I1a — Ly (14)

Combining Egs. (5) and (14), one obtains finally
d EF—1 [ 1 dPuy.

(%C?az = (1 - 02a2)

k
Coa  H (2kgRTo.\"?
~sinf, 7 < kg— f) (s = ["’)] (15)

Integration of differential equation (15) for given ‘forcing
functions” Puy.(t) and Tol(f) with a given initial condition
¢2o(t = 0) taken, e.g., from the steady-state solution, yields
C..(t) and subsequently the base pressure ratio,

(Po/Pa)(t) = [1 — Co?() e

An experimental program was carried out in the supersonic
facility of the Departments of Mechanical and Aeronautical
Engineering at the University of Illinois to check the validity
of the quasi-steady concepts that form the basis of the fore-
going analysis. The test configuration provided two-dimen-
sional flow and an approaching freestream Mach number of
My, = 195 (Cio = 0.657) and a test section providing
a configuration as shown in Fig. 1, where H = 0.55 in. and the
two-dimensional channel was 1 in. deep.

While other flow parameters were held constant, the stag-
nation pressure Py, was lowered to about 609, of its initial
constant value during periods of time ranging from approxi-
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Fig. 2 Transient influence on specific base pressure ratio

mately 0.06 to 2.5 sec by means of a pneumatically operated
pressure reducing valve. Time histories of base pressures P
and stagnation pressures Pu, were recorded by means of
transducers and a recording oscillograph. The agreements
between theory and experiment appear to be satisfactory,
particularly when the volume of the entrained wake was close
to that of a simple backstep. This is shown in Fig. 2, which
is representative for a large number of tests carried out under
varying transient conditions in the freestream. The agree-
ment between experimental data and analytical results based
on a quasi-steady theory applied to the transient base pres- -
sure problem suggests the following conclusions:

1) The jet mixing component effectively controls the rate
of exchange processes across separated flow regions.

2) The wake adjustment due to mass transfer, and due
even more to heat transfer, is much slower than the rapid
initial response to pressure waves.

3) Short duration experiments conducted for studying
separated flows with pressure response and transport phe-
nomena being subjected to entirely different time scales
toward steady flow establishment must be met with special
serutiny for obtaining correct interpretations of results.
This, indeed, has been borne out by experiments.!*
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Free-Convection Laminar Boundary
Layers in Oscillatory Flow

Rarrax SAcarR NANDA* AND VisEN00 PRASAD SHARMA T
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HE study of laminar boundary layers in oscillatory flow

with a steady mean was initiated by Lighthill,! who
considered the effect of fluctuations of freestream velocity
on the skin friction and heat transfer for plates and eylinders.
Since then various aspects of this problem have been con-
sidered by many workers.?2~* The present note considers
the eorresponding free-convection problem for a vertical flat
plate, when the plate temperature oscillates in time about a
constant nonzero mean while the freestream is isothermal.
The boundary layer equations, in terms of stream function
by which the continuity equation is identically satisfied, are,
in dimensionless form,

Ebyt + K&u"//w - ‘Pz\[/uu =G+ ¢yw (1)
G+ G — .G, = (1/0')Gw 2)

where o is the Prandtl number. The boundary conditions
to be satisfied are

y=20 Yy =¥, =0
G = Gyl + e ek 3)
Yy—> o ¢,— 0 G— 0

Now write ¢ and G as the sum of steady and small oscil-
lating components:

¥ = Az,y) + e B(z,y)

G = P(z,y) + e Qz,y) @
where (A4,P) is the steady mean flow and satisfies
AyAey — A4, = P+ Ay,
AP, — AP, = (1/0)P,, )
y=20 A, =4,=0 P =@
y—> @ A,—0 P—0

Neglecting squares of e and dividing by ™, one finds that
(B,Q) satisfy the following differential set:

twBy + ByA.y + AyBoy — A:Byy — B:dyy = Byyy + @

0@ + A,Q. + B,P. — A.Q, — B.P, = (1/0)Qyy

B, =B,=0 Q=G
B,— 0 Q—0

L ®)

y—) «©
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Method of Solution

Considering set (5), one finds that this is the boundary
layer problem of steady free-convection flow over a vertical
plate and can be reduced to ordinary differential equations
by the similarity transformation

n = y(Go/x)!*
A = 4(Gu3)UF () "
P = Gob(n)
Set (6) is considered next. It is convenient to write B
and € as sums of in-phase and out-of-phase components.

Substitute B = M + N, @ = R + 1S in Eq. (6) and separate
real and imaginary parts to get

— Ny + MyAuy + AyMay — AMyy — MoAyy =

M:’I!ﬂl—l_R
—wS + 4,R, + M,P, — A.R, — M.,P, = (1/0)R,,
y =20 M, =M,=0 R =Gy
Yy—> o ﬂfy—>0 R—0
and 8)

wMZ, -+ NyA:cy + AyNzy - Awa/ - N:v:Ayy =

Ny + 8
wR + 4,8, + N,P. — 4.8, — PN, = (1/0)8,,
N.=N,=8=0
N,— 0 S— 0

y=0

y-—)oo

Low-Frequency Oscillations

Similarity solutions of the partial differential set (8), as
found in the case of set (5), do not exist. However, for
low-frequency oscillations the series expansions '

2 3/4 o
M = — Z pr(n)ﬁlp—l
w =1
5\ 1/4 e
V= (5)" % v
=

S = (@) Y Sy(mart
p=1

where 2, = (zw?/Gp) may be introduced. Substituting in
(8) and equating powers of x;, one obtains the following set
of ordinary equations:
M) + 3FM," — AF'M, + 3F"M, = —R;
(1/a)R," + 3FR) = —30'M,

9
N + 3FN," — 6F'N,’ + 5F'N, = My — 8, ©
(]./(7)81” "— 3FS1, - 2F’Sl = R1 _ %B'Nl
M) + 8FM." — 4nF'M,’ + (4n — 1)F"M, =
—R, — N,/
(1/0)R.” + 8FR,’ — 4(n — 1)F'R, =
=8 — (0 — 1)0'M,
(10)

N.'"" + 8FN,” — (4n + 2)F'N,/ + (4n + 1)F'N, =
Mn’ e Sn

(1/0)8," + 3F8,’ — (4n — 2)F'S, =
R, — (n + D)O'N.

where

n=234...



